We study conditions for which the correspondence between quasi-free states on self-dual CAR algebras and covariant operators is affine.
Introduction
Araki [1] generalized the classification of gauge invariant quasi-free states of canonical anticommutation relations obtained by Powers-Stømer [4] to arbitrary quasi-free states up to quasi-equivalence. More specifically, he found a necessary and sufficient condition for which the GNS representations π φ and π φ ′ associated with quasi-free states φ and φ ′ on a self-dual CAR algebra are quasi-equivalent.
In this paper, we provide a new problem with respect to the convexity of the correspondence between quasi-free states and covariant operators, and partially solve it. Suppose φ S is a quasi-free state on a self-dual CAR algebra associated with a covariance operator S. In general, for given covariant operators S and S ′ , the correspondence is not affine, that is φ λS+(1−λ)S ′ = λφ S + (1 − λ)φ S ′ holds for some 0 ≤ λ ≤ 1. Hence the set of all quasi-free states is not a convex. The problem is when the correspondence is affine, and was pointed out by Professor Shigeru Yamagami. We find a necessary condition for which the correspondence is affine, and moreover a necessary and sufficient condition for it when in presence of a finite dimensional Hilbert space and commuting covariant operators S and S ′ .
Preliminaries
In this section, we recall the notion of quasi-free states on self-dual CAR algebras based on [1] . Let H be a complex Hilbert space with scalar product (·, ·) and Γ : H → H an anti-unitary involution on H. A self-dual CAR algebra A(H, Γ) is defined as a universal C * -algebra generated by a set {b(ξ) | ξ ∈ H} with relations
For every state φ on a self-dual CAR algebra A(H, Γ), there exists a positive contractive operator S on H such that
for all ξ, η ∈ H, and satisfying
The operator S is called a covariance operator of φ. Quasi-free states are defined as follows.
where
For every bounded linear operator S satisfying (2) and (3), there exists a unique quasi-free state φ S satisfying (1). In other words, (1) yields a oneto-one correspondence between covariance operators and quasi-free states. Hence a bounded linear operator satisfying (2) and (3) is simply called a covariance operator.
The affine property of quasi-free states
In this section, we discuss the convexity of quasi-free states. For covariance operators S and S ′ and 0 ≤ λ ≤ 1, λS + (1 − λ)S ′ is a covariance operator. We say that the couple (S, S ′ ) has the affine property if φ λS+(1−λ)S ′ = λφ S + (1 − λ)φ S ′ holds for all 0 ≤ λ ≤ 1. If λφ S + (1 − λ)φ S ′ is a quasi-free state for all 0 ≤ λ ≤ 1, by the uniqueness of covariant operators, the couple (S, S ′ ) has the affine property. Now, we obtain a necessary condition ensuring two covariant operators have the affine property. Proof. We assume that φ λS+(1−λ)S ′ = λφ S + (1 − λ)φ S ′ and suppose there exists ζ ∈ H such that (Sζ, Γζ) = (S ′ ζ, Γζ). Fix ξ, η ∈ H. For every quasifree state φ, we have
This implies that
On the other hand, by (4),
If we put α = (Sζ, Γζ) and β = (S ′ ζ, Γζ), then (5) and (6) imply
Therefore, we have
As α = β, we conclude that S = S ′ , as η is arbitrary in H. This is a contradiction. ✷ Now, we assume that a Hilbert space H has a finite dimension and two covariance operators commute.
Let H be a Hilbert space with dim H = 2n for some n ∈ N and Γ be an anti-unitary involution on H. For a covariance operator S, there are an orthonormal basis {ε 1 
If we define
for each i = 1, · · · , n, then we have
Let S ′ be covariance operators which commutes with S. Then we can chose ε i such that S and S ′ are characterized by eigenvalues α i , α
Thus, (Sξ, Γξ) = (S ′ ξ, Γξ) holds for all ξ ∈ H In the case when n = 2, we consider the affine property. We put b = 1 0 0 0 and b ′ = 0 0 0 1 . Then (7), (8) and equations
, we can show that λφ S +(1−λ)φ S ′ = φ λS+(1−λ)S ′ by computations. Now, we have obtained the following proposition. The last statement of Proposition 3.2 derives from commutativity of S and S ′ , similarly in Theorem 3.4 as bellow.
Remark 3.3. In the case when dim H = 2, the equation
Now, suppose dim H = 2n + 1 for some n ∈ N, Γ is an anti-unitary involution and S is a covariance operator. Then there exists a unit vector ε 0 ∈ H, in addition to ε 1 , · · · , ε n in the case when dim H = 2n, such that
We have
Since the C * -subalgebra generated by b(ε 0 ) is isomorphic to C ⊕ C, we have
In this case, (Sξ, Γξ) = (S ′ ξ, Γξ) holds for all ξ ∈ H too. We obtain the following result with respect to a necessary and sufficient condition for which λφ S + (1 − λ)φ S ′ = φ λS+(1−λ)S ′ holds in the case when a Hilbert space H is finite dimensional.
Theorem 3.4. Let H be a Hilbert space with a dimension 1 < k < ∞, Γ an anti-unitary involution on H, and S and S ′ mutually commuting covariance operators on H. Suppose k = 2n or k = 2n + 1 for some n ∈ N, and α i and α ′ i are coefficients associated to S and S ′ , respectively. Then (S, S ′ ) has the affine property if and only if α i = α ′ i for all i = 1, · · · , n except for at most one i 0 = 1, · · · , n. Moreover if λφ S + (1 − λ)φ S ′ = φ λS+(1−λ)S ′ holds for some 0 < λ < 1, the couple (S, S ′ ) has the affine property.
Proof. First, we assume that k = 2n. By (7) and (8), we have
Indeed, when i = j, after putting b When k = 2n + 1, since
from (10), the thesis follows the case k = 2n. ✷ Remark 3.5. If we change the wording of Theorem 3.4, since covariance operators correspond to quasi-free states affinely in the case when dim H = 2, see Remark 3.3, the correspondence is affine when the difference of two covariance operators has rank two.
In the finite dimensional case, CAR algebras and quasi-free states have concrete representations, and hence we could analyze the affine property for two commuting covariance operators.
Remark 3.6. For a couple (S, S ′ ) of covariance operators, the condition (Sξ, Γξ) = (S ′ ξ, Γξ) for all ξ ∈ H in Theorem 3.1 is not a sufficient condition for that the couple has the affine property. In fact in the setting of Theorem 3.4, by (9) the condition holds. However, by Theorem 3.4, we can get an example (S, S ′ ) which does not have the affine property.
Now we discuss a relation between the affine property and the dimension of the image of S − S ′ for covariant operators S and S ′ , i.e. the rank of S − S ′ .
Proposition 3.7. If S and S ′ are covariance operators on a Hilbert space H with dimension k such that dim ker(
Proof. Assume dim ker(S − S ′ ) = k − 1. In other words, the eigenspace of S − S ′ for 0 has the dimension k − 1. On the other hand, by Γ(S − S ′ ) = −(S − S ′ )Γ, if λ = 0 is an eigenvalue of S − S ′ , then −λ is so. Hence the direct sum of the eigenspaces of S − S ′ for all non-zero eigenvalues has an even dimension. This is a contradiction.
We have proved that dim ker(S − S ′ ) = k, i.e. S = S ′ . ✷ By Theorem 3.4, for every couple (S, S ′ ) of covariant commutative operators on the k dimensional Hilbert space H has the affine property, we have dim Im(S − S ′ ) ≤ 2. Now we consider the affine property for two non-commutative covariance operators in the finite dimensional case. 
Then S, S
′ are non-commutative covariance operators and dim Im(S − S ′ ) = 2. The eigenvalues of S and S ′ are
